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Abstract 
In order to suppress vibration in flexible manipulators, a new type of manipulator mechanism with controllable local degrees of freedom is 
proposed. This mechanism consists of a main chain and some branch links. The main chain is of a flexible open-chain configuration with an 
end-effector installed at its tip, and the rigid branch links are able to perform active movements. It is proved by kinematics and dynamic analysis 
that, the branch links bear no direct kinematic relation to the main chain, but their independent motions can strongly affect the dynamic behavior 
and performance of the flexible manipulator. Then comes a new idea of suppressing vibration, in which independent motions of the branch links 
are used to suppress the undesired vibration of the flexible main chain through dynamic coupling. On this basis, an optimal method for reducing 
vibration of flexible manipulators is proposed. Finally, the effectiveness of this method is verified by numerical simulations. 
Keywords: flexible manipulator; vibration; local degree of freedom; branch link 
1 Introduction* 
In general, most of robotic manipulators in 
space applications have such features as light 
weight, large span and open-chain. However, the 
greatest problem is how to overcome the vibration 
due to their low stiffness. Up to now, a large number 
of active control methods have been proposed to 
suppress the vibration of flexible manipulators[1-3]. 
Even so, people are still trying to find new ap-
proaches to solve flexibility problems from the 
point of view of manipulator mechanism. Some re-
searchers suggested introducing redundant degrees 
of freedom to the flexible manipulator, and tried to 
use self-motion capability to reduce vibration[4-10]. 
However, these methods have their own limits. 
Since each joint has a direct kinematic relation with 
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the end-effector, namely, each joint motion contrib-
utes to the end-effector motion, the self-motion in 
the joint space must satisfy certain requirements to 
maintain nominal end-effector motion. It means that 
the self-motion cannot be chosen arbitrarily. As a 
result, if an attempt is made to choose an appropri-
ate self-motion least exciting flexible vibration from 
the limited self-motions, the corresponding optimal 
effects are also limited. Furthermore, the main pur-
pose of introducing redundant degrees of freedom is 
to avoid obstacles or singularities, but some re-
searches[4] show that the presented self-motion op-
timization methods cannot suppress vibration and 
avoid obstacles or singularities simultaneously. 
Therefore, it seems not worthwhile to abandon ex-
isting optimization capability of redundant degrees 
of freedom only for the sake of reducing vibration. 
Nevertheless, the above-suggested ways imply great 
values in controlling vibration of flexible manipu-
lators with the help of their mechanism characteris-
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tics. 
In this paper, a novel type of flexible manipu-
lator with controllable local degrees of freedom is 
proposed to reduce vibration. This manipulator con-
sists of a main chain and some branch links. It is 
proved that the branch links bear no direct kine-
matic relation to the main chain, but their inde-
pendent motions exert strong effects on the dynamic 
behavior and performance of the flexible manipula-
tor, on the base of which, a corresponding method to 
control vibration is suggested. 
2 Characteristics of Controllable Local 
   Degrees of Freedom 
In people’s daily life, there is a lot of work 
done with a single arm. For example, during throw-
ing an object out, one single arm is needed with 
each joint of that having a definite kinematic rela-
tion with the object. However, although the other 
arm has no direct kinematic relation with the object, 
it still exerts important dynamic effects on the ob-
ject through some forms of motion to ensure the 
good dynamic performance of the object. Similarly, 
when a bird is flying, even though its tail has no 
direct kinematic relation with its wings, a particular 
motion of the tail is still needed to help the bird 
balance its body, regulate its speed, change its di-
rection to obtain an excellent flying performance. 
Based on the above observation, a novel type of 
flexible manipulator mechanism shown in Fig.1 is 
introduced, which has the following characteristics: 
① This manipulator consists of a main chain 
and some branch links. The main flexible chain is of 
an open-chain configuration with an end-effector 
installed at its tip, while the rigid branch links can 
make active movements. 
② Motions of the branch links are independ-
ent of that of the main chain, thus has no direct ki-
nematic relation with the end-effector. 
③ According to the theory of machines and 
mechanisms, degrees of freedom introduced by the 
branch links belong to local degrees of freedom, but, 
different from the common local degrees of freedom, 
the motions of these local degrees of freedom are 
made by actuators, thus are controllable. In this pa-
per, these local degrees of freedom are called “con-
trollable local degrees of freedom”. 
④ Although the motions of the branch links 
have no direct relation with the motion of the 
end-effector, they exert great effects upon the dy-
namic performance of the end-effector. Therefore, 
the motions of the branch links are expected to re-
duce the vibration of the end-effector through dy-
namic coupling. 
 
Fig.1  Flexible manipulator with controllable local degrees 
of freedom. 
In this paper, the flexible manipulator with 
above-mentioned features is called “the flexible 
manipulator with controllable degrees of freedom”. 
If a flexible manipulator has redundant degrees of 
freedom in its main chain, redundant degrees of 
freedom can be used to improve such kinematic 
performances as avoidance of obstacles or singu-
larities, and, at the same time, the independent mo-
tions of the branch links can be used to suppress 
vibration, thereby realizing simultaneous optimiza-
tion of both kinematic and dynamic performances. 
In fact, controllable degrees of freedom inevi-
tably increase the weight and the volume of a robot 
system, but the key problem lies in whether it is 
worthwhile to do so. If a bird could never effec-
tively adjust its dynamic performance during flying 
without the help of its tail, the tail should not be 
considered redundant. In practices, it is found to be 
very common and useful to attach additional com-
ponents to a machine in order to improve its work 
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performance. For example, local degrees of freedom 
are introduced to cam mechanisms in order to re-
duce friction; extra counterweights are arranged to 
balance shaking force and shaking moment of a 
linkage. Even in the space applications, where small 
payloads and small sizes are critically important, 
manipulators with one or more redundant degrees of 
freedom are widely observed. Therefore, as long as 
the controllable local degrees of freedom can help 
effectively reduce vibration of the flexible manipu-
lator, it is worth trying. 
3 Kinematics Analysis 
Generally speaking, the flexibility in a ma-
nipulator can be considered to include two main 
aspects: the link flexibility and the joint flexibility. 
This paper will deal with only the link flexibility 
leaving the joint flexibility to be studied later, and 
the results will be presented in the future. 
Since the nominal trajectory of a manipulator 
is in general planned in its joint space, the desired 
position/posture of the end-effector x is the function 
of joint angles q: 
 ( )=x x q  (1) 
where m∈ Rx is the nominal position/posture of the 
end-effector with respect to the base frame, m is the 
number of degrees of freedom of the end-effector in 
work space, Rn∈ Rq is the set of joint angles, nR is a 
number of degrees of freedom of joints. 
Differentiating Eq.(1) with respect to time, 
then 
= x Jq                  (2) 
where Rm n×∈ RJ  is the rigid Jacobian matrix. 
Because the motions of the branch links have 
no direct relation with the nominal motion of the 
end-effector, the rigid Jacobian matrix J can also be 
expressed as 
[ ]M
M B
⎡ ⎤∂ ∂= =⎢ ⎥∂ ∂⎣ ⎦
x xJ J
q q
0        (3) 
where MM
n∈ Rq  is the vector describing the joint 
angles of the main chain, nM is the number of joints 
in the main chain, BB
n∈ Rq  is the vector describing 
the joint angles of branch links, nB is the number of 
controllable local degrees of freedom, nR = nM + nB, 
T T T
M B[ ]=q q q , MM m n×∈ RJ is the rigid Jocobian 
matrix of the main chain. 
From Eq.(2), the joint velocities are given by  
( )+ += + − q J x I J J ε         (4) 
where Rn m×+ ∈ RJ is the generalized inverse matrix 
of J, R Rn n×∈ RI is an identity matrix, Rn∈ Rε , 
T T T
M B[ ]=ε ε ε , MM n∈ Rε  and BB n∈ Rε  are all 
arbitrary vectors. 
Substituting Eq.(3) into Eq.(4), then 
M MM M MM
B BB
( )++ ⎡ ⎤⎡ ⎤⎡ ⎤ ⎡ ⎤−= = + =⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦
q I J JJ xq
q I
  
0
00
ε
ε  
M M M M M
B
( )+ +⎡ ⎤+ −⎢ ⎥⎣ ⎦
J x I J J ε
ε          (5) 
where M MM
n n×∈ RI  and B BB n n×∈ RI  are all iden-
tity matrices, M
+J  is the generalized inverse matrix 
of JM. 
For a flexible manipulator without redundant 
degrees of freedom in its main chain, the number of 
degrees of freedom of joints in it is equal to the 
number of degrees of freedom of the end-effector in 
the work space: 
Mn m=                (6) 
Therefore, JM is a square matrix, and Eq.(5) can be 
expressed as  
M M
−= q J x                 (7) 
B B=q ε                  (8) 
From Eqs.(7) and (8), it can be seen that the 
joint motion of the main chain has relation to the 
nominal end-effector motion, and depends on the 
tasks to be done by the end-effector. However, since 
the joint motions of the branch links have no direct 
relation to the nominal motion of the end-effector, 
they can be chosen arbitrarily. 
Differentiating Eq.(7) with respect to time, 
then 
M M M
− −= +  q J x J x           (9) 
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4 Dynamics Analysis 
Based on the Kane’s method and the as-
sumed-modes method, the dynamic equations of the 
open-chain flexible link manipulator with controlla-
ble local degrees of freedom can be described by the 
following set of equations[10] 
 s s s+ + = M ψ C ψ K ψ Q  (10) 
where s
n n×∈ RM is the system mass matrix, 
s
n n×∈ RC  is the system damping matrix, s n n×∈ RK  
is the system stiffness matrix, n∈ RQ  is the sum of 
Coriolis, gravitational, centripetal, and control 
torques, n∈ Rψ  is the set of rigid and flexible de-
grees of freedom, T T T T[ ]= q φψ , Fn∈ Rφ  is the 
set of flexible displacements of the links, nF is the 
number of flexible degrees of freedom in the main 
chain, and n is the total number of degrees of free-
dom of the manipulator, n = nR + nF. 
For simplicity, Eq.(10) can be decomposed into 
two equations describing the dynamics of q and φ  
respectively: 
 + =Dq e τ  (11) 
 + + = −Mφ Cφ Kφ h Gq    (12) 
where R Rn n×∈ RD  is the inertia mass matrix, 
Rn∈ Re  is the force vector including centrifugal, 
Coriolis, gravitational force, rigid and flexible cou-
pling items, the link flexibility items, Rn∈ Rτ is the 
set of actuator torques applied to the joints, 
F Fn n×∈ RM  is the mass matrix, F Fn n×∈ RC  is the 
damping matrix, F Fn n×∈ RK  is the stiffness matrix, 
−h Gq  is the generalized force vector, Fn∈ Rh , 
F Rn n×∈ RG , Rn∈ Rq  is the vectors describing the 
joint accelerations, Fn∈ Rφ  and Fn∈ Rφ  are flexi-
ble velocity and acceleration vectors respectively.  
Substituting Eq.(9) into Eq.(12), then 
 + + =Mφ Cφ Kφ f   (13) 
[ ] MM B M M
B
B B M M M B B( )
− −
⎡ ⎤= − = − = − −⎢ ⎥⎣ ⎦
= − + −
q
f h Gq h G G h G q
q
G q h G J x J x G q
 
    (14) 
where F MM
n n×∈ RG  represents the first nM columns 
of G, F BB
n n×∈ RG  represents the last nB columns of 
G. 
Eq.(13) describes the vibration of the flexible 
manipulator with controllable local degrees of free-
dom. 
Substituting Eq.(9) into Eq.(11), then 
[ ] MM B
B
M M M B B( )
− −
⎡ ⎤= + = + =⎢ ⎥⎣ ⎦
+ + +
q
Dq e D D e
q
D J x J x D q e
 
   
τ
     (15) 
where R MM
n n×∈ RD  represents the first nM columns 
of D, R BB
n n×∈ RD  represents the last nB columns 
of D. 
Eq.(15) describes the joint-torques of the flexi-
ble manipulator with controllable local degrees of 
freedom. 
If the joint motions of the flexible manipulator 
are given, its vibration responses can be obtained 
from Eq.(13). Then the corresponding joint-torques 
can be obtained by substituting these responses into 
Eq.(15). 
From Eq.(13), it is recognizable that all matri-
ces are functions of joint motions, so changes of 
joint motions will result in the changes of the mass 
matrix, damping matrix, stiffness matrix and the 
generalized forces of the flexible manipulator, thus 
altering flexible responses of the flexible manipula-
tor. As for the flexible manipulator with branch 
links, its joint motions consist of the joint motion of 
the main chain and the joint motions of the branch 
links. If the flexible manipulator has no redundant 
degrees of freedom in its main chain, when the 
nominal end-effector trajectory is given, the corre-
sponding joint motion of the main chain is also de-
termined accordingly. As mentioned above, however, 
no matter how joint motions of the branch links are 
chosen, the nominal end-effector motion remains 
unaffected. Therefore, the independent joint motions 
of its branch links can be properly chosen to sup-
press vibration when the desired nominal end-ef-
fector movement is tracked.  
Once the independent joint motions of the 
branch links have been properly chosen to reduce 
vibration, the corresponding joint-torques for sup-
pressing vibration can be obtained from Eq.(15). In 
this paper, Eq.(13) is used to suppress vibration, and 
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Eq.(15) to make the end-effector track a desired 
trajectory accurately. Therefore, Eq.(13) and Eq.(15) 
form the basis of the following vibration reduction 
strategy for the flexible manipulator with controlla-
ble local degrees of freedom. 
5 Vibration Reduction Method 
According to the vibration theory, eliminating 
the exciting force is an important way to suppress 
vibration of an oscillatory system. As mentioned 
above, there exist the independent motions of the 
branch links in the joint space while tracking a 
nominal trajectory. On the other hand, the joint mo-
tions of the branch links can greatly affect vibration 
responses of a flexible manipulator. Therefore, the 
exciting force of the flexible manipulator can be 
decreased by properly planned joint motions of the 
branch links when a desired end-effector movement 
is tracked.  
In Eq.(13), which describes vibration responses 
of the flexible manipulator with controllable local 
degrees of freedom, f is an exciting force item. 
From Eq.(14), it can be seen that the exciting force 
f has relation to the independent joint motions Bq  
of the branch links. Therefore, the exciting force f 
can be decreased by planning joint motions Bq  of 
the branch links. This means that the approach of 
suppressing vibration is to choose Bq  to minimize 
the exciting force f within the range of angular 
acceleration of joints of the branch links, i.e. 
 TB Bmin min ( ) ( )Z ⎡ ⎤= ⎣ ⎦f q f q   (16) 
s.t. [ ]B BL BU,i i i∈q q q     B( 1, , )i n= "  
where BLiq  and BUiq  represent the lower and the 
upper limit of angular acceleration of ith joint of the 
branch links respectively. 
In fact, Eq.(16) is a nonlinear multivariable 
function with independent variables Bq , which have 
certain boundaries. Its minimal solution can be eas-
ily obtained with sequential quadratic programming 
(SQP) method. The joint motions Bq  of the branch 
links can be solved from Eq.(16) to meet the need 
for suppressing vibration. That is to say, if the 
branch links move according to Eq.(16), the vibra-
tion responses of the flexible manipulator will be 
decreased.  
6 Simulations and Analyses 
In authors’ opinion, it is unnecessary for a 
flexible manipulator to possess excessive controlla-
ble local degrees of freedom, just the same for it to 
have excessive redundant degrees of freedom. With 
a reasonable design, vibration responses of a flexi-
ble manipulator can be reduced remarkably with the 
least number of controllable local degrees of free-
dom. As a result, to verify the method proposed 
above, numerical simulations are conducted on a 
flexible manipulator with one controllable local de-
gree of freedom.  
In the numerical simulations, a manipulator 
with three links is used, among which the first two 
are considered rigid and the third flexible, as shown 
in Fig.2. The parameters are as follows: each of the 
first two steel-made links is 1.0 m long having a 
square cross section with a side length of 0.05 m. 
With an elastic modulus of 71 GPa and a mass den-
sity of 2 710 kg/m3, the third aluminum-made link 
has a length of 1.0 m with a rectangular cross-sec-
tion 0.005 m high and 0.050 m wide, i.e., h × b = 
0.005 m × 0.050 m. In this example, only the flexi- 
ble deformation about z3 axis of the third link is 
considered. 
 
Fig.2  Scheme of the flexible manipulator. 
Suppose that the desired joint motion of the 
main chain is 
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The corresponding flexible deformation of the 
end-effector is shown in Fig.3, in which the end- 
effector has the largest vibrating deformation of 
0.043 5 m. 
 
Fig.3  Vibrating deformation of the end-effector without 
vibration control. 
In order to suppress vibration of the manipula-
tor, a rigid branch link with one controllable local 
degree of freedom is hinged on the third flexible 
link through a revolving joint, as shown in Fig.2. 
The distance r measured from the third joint to this 
revolving joint is 0.2 m. The rigid branch link is of 
uniform quality with a square cross section and a 
mass of 0.25 kg. The distance rB measured from the 
centroid of the branch link to the revolving joint is 
0.2 m. Suppose that the range of angular accelera-
tion of the joint in the branch link is [–100 rad/s2, 
100 rad/s2]. 
When the branch link moves according to the 
joint motion defined by Eq.(16), the corresponding 
vibrating deformation of the end-effector is shown 
in Fig.4, in which the largest vibrating deformation 
amounts to 0.000 65 m. Compared with the case 
without vibration control, the largest vibrating de-
formation is decreased by more than 90%. For 
comparison and analysis, Fig.5 shows the two cases 
of the end-effector deformation. In addition, the 
joint angular acceleration and velocity profile of the 
branch link are shown in Fig.6 and Fig.7 respec-
tively, from which it is clear that they are very 
smooth and easy to control. 
From the above simulations, it can be con-
cluded that the independent motions of the branch 
links have important effects on dynamic perform-
ance of the flexible manipulator, and the end- 
effctor’s tracing error can be decreased effectively 
by properly planned independent motions of the 
branch links. 
 
Fig.4  Vibrating deformation of the end-effector with vibra-
tion control. 
 
Fig.5  Vibrating deformation in two cases. 
 
Fig.6  Joint angular acceleration of the branch link. 
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Fig.7  Joint angular velocity of the branch link. 
7 Conclusions 
The effects of independent motions of the 
branch links on vibration responses of the flexible 
manipulator under the condition of a given end- 
effector trajectory are investigated. It shows that a 
proper choice of the independent motions of the 
branch links is important to eliminate undesired ef-
fects of flexibility. The highly valuable results out 
of the example suggest that controllable local de-
grees of freedom are able to serve as a useful tool in 
overcoming the difficulties inherent in flexible 
manipulators. In the future, the influences of branch 
link’s position on vibration responses of the flexible 
manipulator will be further studied. 
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